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Abstract. Linear Fredholm elliptic operators in unbounded ovlinders are considerad .
A formula for the index of the operator, ie. the difference betwean the dimensions of the
kernel and colernel is obtained. The kev point is the splitking of the cperator cbhiained by
using spectral projectors of the Laplace aperator in the (bounded ) transverse domain. This,
together with a continuation methed, allows the reduction to one dimensional svstems for
which the index mo- be computed explicitly.
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1. Introduction

We consider a linear elliptic operator of the form

Lu —a(r)hu+ E.E}l:I'I%-I-Cl:I'IE. (1.1

Jwm] 4

Here z = (xy,...,7,) £ 1, where 7 £ F" is an unbounded cylinder: 2 = R »« 0, and
is a boundead dmmi.rll in A" Thus the axis of the cvlinder is parallel to the ri-direckion,
and we dencte by = = (z,...,7,) £ ¥ the transversal variable. The unknown function is
vector-valued: uw = (uy,...,w, ), and a(x), b(r), c(r) are p « p matrices. The matrix a(x) is
supposed bo be positive dehnite,

alx Ju, u) = klw, u)
E] L]

for some k > 0, and any uw € R®, z £ 0. A denctes the Laplace operator, understood
compoientwise.

The boundar: 5 of the evlinder 7 is supposed to be of class C%+ for some fieed 0 < 8 = 1.
We will use homeogenecus Dirichlet boundary conditions:

u=0 on S=IR=xad7.

For any integer [, by CH4(02 F?) we dencte the Banach space of functicns which are
bounded and confinucus in .'-:!, together with all partial derwmtives up to order [, and such
that the partial derimmtives of crder [ are uniformly Holder continuous with exponent 4.

We suppose that all the coefficients of the operator L belong to L"EI:E:E, H), and hove limits
as I, — oo

a* = lim air), ¥ = lim Blz), ¢ = lim <z
p——n p——n ——T
Here ai, .E'f':, and ¢* are constant matrices.

The cperator L 15 considered as acting between the Banach space £ of functions « in
the Holder space L":+EI:!=!,EF | satisfving the boundary condition w =0 on 5, and the space
C*(02, A?). The corresponding norms will be dencted by |- |oy5m and |- |sa respectively.

If we consider the operator Lin a bounded domain in B with a smocth boundary, then
the cperator is Fredholm with index zerc. Here we understand the index as the difference
betwesn the dimensions a of the lernel and 3 of the colernel of the operator:

ind(L) =alL)— 3(L).

As is well-known the index can be different from zero for elliptic operators of a more general
form [14, 15, 18] or for domains with corners [3]. For the case of elliptic operators on manifclds
and an intreduction to Atiyah-Singer thecry we refer the reader to [2]. Elliptic cperators in
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unbounded domains have been the object of much atbention in the past terentyr vears. In the
case of scalar equations, let us mention the article [3], where asymptotically homogenecus
elliptic operators on noncompact manifolds are studied. The computation of the index is
bosed on the study of the mapping properties of the fundamental sclution, o technique
introduced in [12]. We refer the reader to [9] [10] for a computation of the index of elliptic
aperators in A" under similar assumptions, and to [1] for similar results in HElder spaces. A
commen feature of all these studies is that the elliptic cperator 4 under investigation is of
the foaom 4 = 4., + B, where the constant-coefficient cperatar 4., is homogenecus, and the
coefboients of B tend to( ot infinity, with an appropriate rate. This implies that the lkernal
and colernel of the cperator 4 (considered between appropriate weighted spaces) consist of
pobrnomials, and heave finite dimensions which can be explicitly computed.

The problem which we study here is of a different nature because the limit wlues of the
coefficients at 7, = 400 and 7, = —co may be different, and the limit operators £L# are not
necessarily homogenecus.

We show that the index of cperators of the form (1.1) in smocth unbounded domains
can be different from zero, and we compute its wmlue. Let us illustrate the situation on the
folowing example. We consider the following simplest equation cn the real acds:

r.c"l:f b =r(thult) + Ffit.

Here u(t)is bounded bogether with its Arst derivative, r(t) is continuous and has limits of
infinity, vy = r(+oo), fit) is continucus and bounded. We assume, for simplicity, that
rit) = ry for t sufficiently large, rit) =r_ for —t sufficiently large. [ This assumption is nck
necessary. |

The soluticn of this equation can be wotten e plicitly

ul(t) = E-Evr”'i' |::__||I:E_-|: vrﬂbf':!-""'ﬂ‘!-" +ull .') :

I ry =4, then the problem is Fredholm and there are four cases depending cn the signs
of rp and r_. For each of them we can easily find the number of linearly independent
bounded soluticns of the homogensous equaticn and the number of sclwmbility conditions of
the nonhomogenecus equation. In particular, if ) = 0 and r_ < 0, then the sclmbility
condition is e §
JI|' E.—_I',:_ "I'.-.I.J_-Jr |:;."|a'g..' =1
—oa

The index of the problem is given by the following formula:
tnd = sy +85_ — 1,

where s 15 the number of sclutions of the equation du/dt = rju which are bounded near
+oo, 5_ 15 the number of sclutions of the equation dujdt = r_u which are bounded near
—o0, Of course, s, and s_ can be ensily connected to the signs of vy and r_.



For systems of equations, solutions cannct be tound explicitly. Homear, it is still possible
to compute the index and it has a similar form:

ind =8, +5_ —p.

Here 54 and s_ are the numbers of bounded sclutions of the corresponding limiting equations
at +00 and —o0, and p is the dimension of the system. In other words, s 15 the number
of eiganvalues of the matrix v with negative real part, s_ is the number of eigenvalues of
the matric r_ with positive real part. As we will see in Section 3, both the dimension of
the lernel of the corresponding operabor and the codimension of ibs image can changes under
small deformations. Howewer, their difference, ie. the index of the opemtor remains the
same under deformations in the class of Fredholm operators. This is a well koown fack in
the theorr of Fred holm operators. However, it is interesting to see encplicitly how some eocirm
terms appear in the a and 3 charcteristics, but do not change their difference.

To compute the index for second arder operators, we reduce them to first order operators.
Finally, to study elliptic operators in cylinders, we use spectral projectors corresponding to
the Laplace operator in the section of the ovlinder and reduce the multidimensional problam
to one-dimensiconal problems along the ands of the ovlinder.

An interesting question connected with the computation of the index concerns homotopy
classes of Fredholm operators. We showr that there are different homotopnr classes of Fradholm
elliptic operators with the same index. This can already be seen on elementary examples
[ Section 3.5).

One of the essential points in the computation of the index is to use the fack that it does
not change under deformations of the operator in the class of Fredholm operators.

The contents of the paper are as follows. We discuss conditions under which the operators
considerad in Holder spaces are Fredholm in Secticon 2. We compute the index for crdinary
differentinl cperators in Section 3, and for elliptic partinl differential operators in Section 4.

In what follows, for any operator L we dencte the null-space b W(L), the range b
R(L), the a— characteristic of L is the dimension of N{L) and the 3— characteristic is the
codimension of R L).

2. Fredholm operators

We recall that an operator is said to be Fredhdm if its lernel and ockernel are finite
dimensicnal. We now give conditions under which elliptic operators are Fredholm and recall

some properties of Fredholm operators which will be used in the sequel.
Consider the operators L+ and L£- acting betrreen £ and L"‘EI:L:EJE?]J defined bn

n 5 ,
L¥u = a*Au+ Eb?a—;+ciu, (2.1

Jum ]

and the problem

Il
d

L;El! =lv, vp =0, (2.2
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whers

; i Su -
L?E —a*A v+ E .'.:'f—L + v — Ffatu 4+ z'E.";'fu,

il - %
. n o
Au=1% E
== O

Here the cperators L.fi are considerad as acting between C*+3(7 ) and C3 7 ,@¥). The
Problem (2.2) is obtained from the corresponding eigenvalue problem for the cperators Li,
by applving (formally ) the Fourier transform with respect to the zi-wariable. We use the
following condition:

Condition 1. For all real £, the problem (£ 2) does not have the eigenvalue A = (.

In [18] we proved the following thecrem, under more general asumptions on the cosfh-
cients of the cperator (see also [11, 13]

Theorem 2.1. Condifion [ s a nexssary and sufficien? condifion for fthe operafor L fo
be normally solvable with a finde a-chamdfersfc.

Suppose that there exists a continucus deformation L. such that for each + Condifion
1 is satished. If for some value 7 the 3-characteristic is infinite, then it is infinite for all
[5]. Henee if it is finite for some 7, then it is finite for all = and the operator is Fredholm

also for all v, Then its index does not change. Thus we can use the fdlowing approach
to compute the index. We construct a continucus deformation of the operator L to some

other operator Lo with a finite S-charactenstic. If this deformation is fulflled in the closs of
aperators satisfving Condition 1, then ind(L) = ind(Ly). In particular, we can change the
operator in such a way that the limiting walues of its coefficients ab 00 do net change.

3. Ordinary differential operators on the real line
3.1. IMotations

Hereafter, tor any integer [ the notation C'_.;IIIZE, I dencte the space of functions which
are defined on [, tale their values in [, and whose dernwmtives of all orders up to [ are
continuous and bounded. In particular, the space CF(H,R?) is a Banach space for the

uniform norm. Let M be a continuous matrie-valued funchion defined on H, having limits
at infinity:

Mith— 4y as t — $eoo
On G, [FF) we consider the operator T defined b
u— u' + Mu,

with demain D(T) = G} IR, RF).



Together with T7 we consider the cperator T which has the same domain, and is assooiatad
to some conbinuous matris-valued funchion 4 (in place of M) such that:

Aty =4 for t=-1, 4, fa 1=+t (3.1

We will dencke bv £, the spectral projector associated to the set of all eigenwmlues of
A, having positive real part. We shall repentedly use the fact that £, commutes with any
funchicn of 44 whenswer the latter can be definad .

We will assume the following condition on the spectrum of 4, :

JII.-li'II"'Iz'E = IZB.E'I

We wish to show that under this assumption the operator T is Frad holm, and to compute
its index in terms of the projectors £, (see [4, 15, €] for related results on the halfline).
The main tool we use 15 the vanastion of constants formula.

3.2. Representation of the sclution
Lot f 2 CU( R, ) be given, and let u £ D[I-"'l be a solution to the equation
%+Au= f. (3.3
Lat us dencte by ¥ = ¥7(t) the fundamental matrix associated o I-", defined by :
d¥ - -
E+.-l|:f|] =0, Yi-1y=1
We remark that 1 can be wrtten explicitly:
for t< -1: ¥t :e_rH'“’L‘, (3.4
for t=1: Y(th=e e p (3.5)

where A =17(1) is an invertible p » p matrix.
Thersfore, in the range |¢| = 1, the sclution « is given bn:

-1
for < -1: wuit) = e_rH'l”l‘uI:—l'l—.Iﬂ' E'_“_’H_ﬂs"ﬂ‘s;
£
(1
for 1=t: uft) = ._,-f*-“4+_1u|;_1-.+e-'*-“*+_1j' Y(srtfis)ds
-1
!
+E_H_1H+fl el*~V 4 fis)ds. (3.6)
1
Lat us first consider the cose £ > 1. The formula defining w(t) vields:
(1
EH._]_J__L'_EI_ .E+.|E|:'|!'.| — |:.|!-— .E+.|.1LE|:—1.|+ |:.{— .E_|_.|-1|I-J||' 1}-(5.'_1_11-':5.'65
rd
+J||' er"_m"'[f— E+'lf|:5'lds. |:3.T'l
1
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The Lh.s of (3.7) tends o 0 as ¢ — 400, thus we get a first campatibility relation:

1
(I - E)Au(-1) = _(f_£+,1_-1f Y(s) ™ F(s)ds
o -1
_f el*=Vd (1 _ E)f(s)ds.
1

Using this relation we can now expres u(t) fa t > 1 o fdlows:

1
ult) = e-f*-11*+£+_-1[u|:_1,1+flr|:sr1f|:sus]

+ ot
+-£ e-f*-““*EJ,f[s:ds_-L e~t=24 ([ _ E.\f(s)ds.

HMeote that all inkegrals appearing in this expression are automatically finite.

Similarly for ¢ < —1 we havre the melabion

-1
ErHl]’l‘E_ulif]:E_ul:—ll—! elHUd-F_ fis1ds,
:
which wislds
_1 N
E_u[—]):f U4 F fis)ds.
—oa

This in turn gives the following expresion of w(t) for ¢ < -1

-1
ult) = e'rH'”’l‘lzf— E_]r.:l:—lfl—f E_“"’]’l'[f— E_)fisids

t

$
-I—f E_H_’H-E_fl:s]ds.
—io

To summarize, we have established:

(3.8)

(3.9}

(3.10)

(3.11)

(3.12)

Proposition 3.1 dssume that (58.2) 15 safisfied. If the funciion f € Co( R, IFF) is such
that f = Tu for someu € D(T"), then any such u is grven by (8.9) fort =1 and {812) for

t < =1 for someu(—1) £ IRF® safisfying (5.8) and (5.11).
3.3. The kernel of T.
¥Tu =0, then by setting f =0 in (3.8) and (3.11) we chiain:

ul =1y W{E_), Aw(-1)2 N(I - Ej)
Ioting that A is an isomorphism, we may conclude that:



alT) = dim[N(E_)m A~ NI - E,)].

3.4. The image of T.

For the sale of convenience, let us intreduce the following notation for £ £ G2 (R, )

Il(f.' = |.r_f - E_|_ i J||'r1 TI:E 'I_]'_fl::s'l.:'s
-1
+ jlm Er’_lj"l"'l:f - E_|_ 'II:FI:E'HJ'E:I

Lify = jli_l gl =+l E_fis)ds.

Mete that (£ — ELVL(F) = L(F), and that E_L(f) = L(f). I f € &R, F*) is in the
range of T, then from (3.3}, (3.11) we obtain for some ui—1) £ R* the condition:

E_ul-1y=Ei(f), (I—-Epdui-1)=-hLif). (3.13)
We first give an equivalent form of this condition:

Lemma 3.2 The lasf condrfion 15 eguivalent fo the followmyg megumement:

ALIFY+L(FI e N(I - E. )+ AN(E_). (3.14)

To prove necessity, assuming (3.13), we note that
(f— Eyih(fi4+ Au(-11 =0, E_(Lif)—ul-1) =0,
thus for some vy, v we must hove:
u(=1) = Lifi+ (I = E_dwm, Aui=1)=-Li(f)— E v,

IMultiplyving the first equality by A and subfracting, we cbiain (3.14). To prove sufficiency,
suppose that

U+ ALIFi==MT — E_wg — Ejuy.
Define ul—1) by
u(—1) =L F1+ (f — E_Ju.. (3.15)
Then we have
Au(=1) = AL(FI+MT = E s
= —L(fi— E . 3.18)
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Thus (3.15) and {3.18) respactively vield

E_(ul-1)— L(fi) =0,
(F— EQ W Au(=1)+ Lifii=0

Then (3.13) is satisfied, and this proves the lemma.

We have seen that if £ £ C7(H, R") is in the range of _'L'-", then (3.14) is satisfied. Con-
varsely if (3.14) is satisfiad, then for some u(—1) £ R, (3.13) is satisfiad. We mm then
definew by (39 fort = land (3.12) for t < —1. Toshow that £ £ Rl:j"l, it remains to show
that we can define u in the interval [-1,1] 50 as to cobtain a glcbal sclution. The Cauchy
problem with initial data at ¢+ = —1 has o unique soluticn which satishes:

ull) = Aful-1)+ Jf'r_lll'lzs'l_lflis'l ds].

Thus from (3.9), we see that we can obtain a global salution if we have continuity at ¢ =1
ie. if the folowing relation:

1

E Mu(-1) 4 Jf'r_lll'[s'n‘lf[s'uds] - J,i;mef’-“**(f_ E,)f(s)ds
= Afu(-1) + J'{r_llj"is"'lfliﬁ" ds]

helds true. This relation is an immediate consequence of the second equality in i3.13), thus
we obtain that f £ R(T").

Using condition (3.14) we can now compute the 3— characteristic of 7. Define a linear
map

EP
NI —E )4 AN(E_)
by assigning toeach f € CF (R, ) the coset of [1(f)+ Aol £), dencted by [L(F) +A%&(F)].

From what we hove seen, we hove

O

RI:J-"'I =N I:{[?"l.

Thus ) )
3T =codimR(T) =dimR(T).

We now show that T is surjective. Pick x £ IFF, we nead tofind f £ O R, IF¥) such that:

LIA+ALIF —ze N(I- EDV+ AN(ED).

If we were working with the space of (not necessarily continuous) bounded funchions we
ocould tale
‘ﬂ:i‘ = —.-L,_:..r b =T |

This function f safishes:

fity=0 w7 <1

2

Hif'+ AL fl -z =—E T,

11



and therefore O f) = [z]. However this f is not conbinuous, thus using this idea we set

flth = 0 fa =1,
1
(1l —t)dyx for 11:1*1:1+E,

1
—Apx for bzl

1t is easy to compute that
L{f)+ AL(f) -z =—Eyz+x,

whera
I, — 0 a5 b — oo

Since the projection map [] is continucus we have

T(fi) — [a],

and since the image of T (being finite-dimensional) is closed we conclude again that it
contains the point [z].
Summarizing, wea have shown the following:

3(T) = p—dim[N(I— E,)+ AN{E_)|
= p—dim[AT'N(I - E3) 4+ N(E_].

[Tote that to obtain the last equality we used the fact that A is an iscmerphism,
Obwricusly, the opermtor T7 is Fredholm iff the operator T is Fredholm. Using the remark
at the end of Section 2, we conclude that thenw have the same indeoc

Finally we obtain the index of the Fredhdm operator T

ind(T7 = dmA7'N(I - E 0 +dimN(E_)—p
= dmV({[—- E )+ dimN(E_) —p

Theretore we have showi:
Theorem 3.3 [f condition (5 £2) is safisfied then T 15 a Fredholm operafor, and 1fs index

15 given by:
ind (T") =dimN(f — E, ) — dimN{f — E_).
In particular, we see that the index is zarcif £E_ = E.
We note that the formula for index can be also formulated in terms of the number of
linenarly independent bounded sclutions of infinity. Mamelv, the index is equal to the sum



of the numbers of bounded linearly independent solutions at minus and plus infinity, minus
the dimension of the system p. The particular case of zero index is considerad in [8].

3.5. Second order operators

We consider the operator
L:C** R, [F) — C*(R, R*) (3.17)
defined byv the expressicn:
ub— alx '+ bix '+ alx .

Here a(x), b(x), and o) are smooth p « p matrices having respectively the limits a*, 5, c*
o5 T — +o0. We will use the results of the previcus subsection to showr thot under some
appropriate condition L i5 a Fredholm operator, and to compute its inden.

In a previous paper we showed (see thecrem 2.1 in [13] for a more general statement ) the
following result:

Lemma 3.4 dssume that

TEe A THE = —a®EF +FE 4+ ¢ s an invertible matrix. (3.18)

then the operafor L 15 normally solvable.
We hrst rewnte the system Lu = f as a first order sysbem, and consider the frst crder
crdinary differential cperators M and 1™

M C2H (R, FF) « C¥( R, FF) —— CY™5 R, [F¥) = C5(IR, R¥), (3.10)
T C;I:E,ﬂi':?'l — C':[E,ﬂi':?'l, (3.20)

associabed to the expression:
I:h']q'l —— (u,q]" + _,-J_l:ﬂ:lq-l_

Here 4 denctes the makriv:
R —I, \
Alz)i = ||\ 1 11 1

a~c o a~'o |

and [, denctes the p « p identity matrix. The result in section 3.4 (Th.3.3) shows that if
condition (3.2) is sabisfied, then T is a Fredholm operator, and we have a formula for its
index in terms of the limit matrices 4* We remark that condition (3.2} is equivalent to
condition (3.18). We now procesd to show that under this condition, the operabors M and
L are also Fredholm, and have the same index os T

Lemma 3.5 I T 15 Fredholm. fthen M also 5. and has fthe same mder.

Lemma 3.6 dssume that M 15 Fredholm. and that L is normally solvable. Then L alse
15 Fredholm. and has the same mder as M.



Combining these thres lemmas we immediately cbiain the desired result:
Thecrem 3.7 dssume that condifon (8. 18) is satisfied Then L 15 ¢ Fradholm operafor,

and s inder s given by
+

Erza’li[.'l =K — K,

where k¥ and k™ are. respectively. the number of eigenvalues of the matrices At and 4~

with posdive real parf.
Proof of Lemma 3.5
Let us consider the svstem of equations

¥ =p+fi, P =albptcutfa)

If the solution of the homeogensous problem belongs to CY{ R, F?), then u' =p = C 1"'5([5, R#)
(since the coeffrients are Holder continuous ), and w(x) € C*+ (R, F¥). Hence the dimension
of the kernel remains the same. MNow let 1 £ CY¥ (R, B, £ = C% R, F). I fi, f) satis-
fies the solvability conditions in O, then there is asclution « £ CY R, FF),p = CY{ R, H).
Az dhove, it follows that w € C*+4 R, [F¥) and p < CH3( R, 7). 1f (f, f) does not satisfy
the sclvability conditions in O, then obvicusly there are no sclutions of this problem with
u € O R, ) and p € CY R, F¥). Hence the sclwmbility conditions and their number
remain the same.

Proof of Lemma 3.6

We first consider the kernal of L. If w2 IV IZL I, then wa hane IZr.c:I 'Y EN II.".ir 1. Conversely
if (u,g) € N{M), then g = v, and u £ WV(L). This shows that the map u — (u,u’) realizes
an isomorphism between V(L) and V{1, thus we have al L) = a(M). Let us now cansider
the range of L. For fived (£, f2) € C(R, R®) « C% R, [F¥), from M(u,g) = (fi,f) it
follows that Lu —af) +5f + afs. For convenience we define the map

7 CH( R, IFF) « C5 R, IFF) — C°( R, R¥)
(A, Rl—afi +Bfi+af.

Lo L
| BN R

=2

A A,

Then clearly we have
T R(M)) = R(L).

By assumption B ) has finite codimension in O (R, )« C* R, [FF), and R{ L) is clesad
in O3 R, [F¥). Qur simis to show that the codimensions of these tvwo spaces are equal. Define
Ny, = 3(M) < eo,and Ny = 3(L) = oo, and dencte by [T;,i = 1,...,V;} a basis of the
annihilator of RB(M). Each 3; is a bounded linear functional on O+ (R, B*) = C°(R, ).
Similarly, dencte by {Fy,k = 1,...,N;} a basis of the annihilator of R{L). Then for fived
f=(f,fc L"HEIIJH, Y = L"EIZIH, I} we have the following equivalence:

FERM)= IMfi=0,i =1, N, &rfeRILi& Fiafi=0k=1,. .M
Writing &y, = Fm, we thus hove:
[Ff T fri=0,i=1,. . N} ={f:Gifi=0,k=1,. . N

1+



The funchicnals &, form a family of linearly independent bounded linear funchicaals co the
space CY( R, R?) « C*( R, R?). Thus it fdlows that ¥, = N, ie. the 3— characteristics
of the operators L and M are the same.

ERemarks:
o It is easv to verify that ~%F is the number of scluticns to the squation
det(a®)® — B A4 ) =0

which hare positive real part. As for the cose of first arder svstems of equations, we
can sav that the index of the cperator L is equal to the sum of the numbers of linearly
indepandent bounded solutions of the equation Lu = O at plus and minus infinity,

minus 2p.

# ail) and 3(L) are determined b the projectors E+ and E-. These projectors are
determined by the matrices 4+ and 4~ and remsin the same if we consider the operator
M as acking from CH'E(.H,EF'. 4 C'E(,EH,EF'. ot from L-'alzﬁ:,..':ﬁ?'l 4 L“EEE,EF'..

As an example we consider the case p = 1 where u(x) is a scalar wlued function and
suppose that aiz) = 1, b is a positive constant. If c+ £ 0, = = 0, then the operator is
Fradholm. Iis index equals 0 if o+ and ¢~ have the same sign, itis 1 for ct =0, ¢~ < 0, and
=1 for et = 0, ¢~ =» (0. The essential spectrum of the cperators consists of two parabolas
on the complex plane. In the case e+ < 0, ¢~ < 0 both of them are complstely in the left
halfplans. In the cose ct = 0, ¢ > 0 both of them are partially in the right half-plane
having the crigine inside the region where the large negative numbers are. Obwicusly, these
o curves cannct be meonved to the left half-plane by a continuous defoarmation such that they
do not inbersect —erc. Henoe two elliptic operators with the same index are not necessarilw
homeotopic in the class of Fredholm operators of the same form

4. Elliptic operators
4.1. Projection on the sigenvalues of the transversal Laplacian

In this section we compute the index of the operator defined in the intreduction by (1.1).
We assume that by, — 0, k= 2,...,n &8 1y — +o0. We consider L a5 acting between the
space

E=[ut& L":'F'EI:!:E,E?] c s =0}

and the space L"BI:!:E, IR, Howeerar to compute this index 1t will be more conveniant to view L
as an unbounded operabor acting in l;."El:!:E, R, with domain D(L) = E. We do so from now
on. The index is the same, since the kernel and range are unchanged. To compute ind(L)
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we connect L to the operator L acting in l:."5|:.'-:2:I IR ), with the same domain E, defined b

) -9
Lu=a(z)ihu+bix 'lgh + &z hu. (+.1)
1

For the operator L we take ccefficieants which only depend on the varable x4

alry) =atvizn)+a (1-ulx)), E'I::..rl V=bfoizy) 5701 — wixq)), (4.2}

clxy) =ctu(z) 4+ (1 - wixy)), (4.3

where ©(x,) is a sufficiently smoocth function, equal o 1 for 7 = 1 and to d for 7, = 0.
We note that during the deformation

.—j_'.+|:1—.—'|£. T [0,]]

2

Condition 1 is satisfiad and the index of the operator does not change (as explained at the
end of section 2). Thus instend of the operabor (1.1) we will consider the operabtor (4.1
From now on we omit the tilde and it is this operator which we dencte by L.

Consider the (scalar) Laplace operator in the transverse domain:

Al L"5I:!:E",H'I — L"EI:E:E',E'I,
with domain
DAY :={uc C*¥( R : u=0ond7}
Since A is formally selfadjoint and 7 is boundad, the spaectrum of this operator consists of
a countable sequence of eigenvalues. Let us consider these eigenvalues in the following order
(without repetition ):
Celly e g w0
For each k, the multiplicity my, of w, is finite, and we will dencte by E:'J!‘ ,i=1.m, an L7[0)
crthonormal basis of the associated eigenspace:

1=1,...,my: G:-fli:.."" 'VE R, _"n.'lﬁr-f = quE:-f in 0, -.'T:-f =0 on 87,
Iewr consider the (vector ) Laplacian in the transverse domain:
A L"E(ff,m?'u —_— L"'EI:.'-:!",EF [ |:4=.-l_-'l
DA = E = [w e .;_"5+5|:f3':|m?'| cu=0cn 7}

The spectrum of this self-adjoint operator is the same as for the scalar Laplacian, but the
rmulbiplicity of wy, is now pmy. Dencte by ) the spectral projector associated to the sigen-
value wy. of the vector Laplacian. Then 7| is a bounded operator acting in L"Eli!:f,ﬂ?'lj and
tales its values in E'. We will use the fact that =) is continuous for the (7, F*) nocm.
This is an immediate consequence of the representation of 'rj: a5 a Dunford integral over a
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bounded contour, see for instance [4]. If w € R}, then each component of v is a linear
combinakion of the functions ¢, = 1..m,. Thus we obtain

i
u(x') = Ep,—mi‘l:r" (4.5
=1
with p; £ H? for each ¢ From nowr on let 5 be a fixed integer. We set

=%
Jomm]

In particular, if T is o closed contour in the complex plans containing the st s elgmnmlues
for any v € O3, IF®) we have

~ 2 J’i‘l:j - A

and the rangs of P‘ is equal to the corresponding sigenspace which we dencts by E Finally,
we define I'J a5 a b-:.l.l.nded cperabor acking in L"Eliﬂ' ) b

l'.?:.u =u — E‘_h
We hae

E, = P, )], o%(, ) =

=E@DE, vhae E=alc5(, )
norm

Remark 4.1 As we did for ), we note that F:_ and @) are continucus for the CY Y, /¥
Lat us s=t

, £ R ulz, e EJ_:-,
E,:[hEL"EI:'-:E,HPI Yo, € B ulxz, )£ E__:-
We now define two operators P, 2, oo L"EI: 0, B¥) by
(B, ) = Fllulzy, 1), (@i, ) = & (u(m, ) (+6)
We first showr o preliminary result

Lemma 4.2

Fou,Quc

F, and . are boundad projecfors acfing n I:ﬂ ). Moreover for anyu € £ we have
E, and P lu=LFu Q,Lu=L0u
Proof of Lemma 4.2

(£ 7



We first show that F, (and therefore Q) takes its wlues in {'5(5:2, H*). This amounts to
checling the regulanty of Fu with respect tox,, for u £ {'El:l:!,..ﬁF ). For fiwed z, £ R, 2’ £
fl", using Remarl: 1.1 we hooe:

[(Bu(xy + k,x') = (Pad(zy, )| = ||Bofulzy 4k 00— Blulz, Moz
= Kllulz+ Ry ) = wlza, e
< K ||ul| 5ok’ (4.8)

Inequality (4.83) shows that .F'_,,I'J' are bounded operators acting in f'aliﬂ' Y Clearly
(from the analogous relations for .F' I'J 1 wa have
(BF=E

(@.F =8, B+a.=I
INow since P tales its waluss in E', it follows that for w € (0, ), the function P.u
sabisfies the boundan- c'-:-nd1h-:-n.F'u =0 on 5. To show that Pu € E, again we only need
to check regularity with respect to x4 If u Elf'l"'aliﬂ, H?) we hove, as h — i

[ - N & =
ulzy + ,IL_! ulzy,) . a: (z,-) in CO({¥, ).
1

Thus, using Remarl: 4.1:

I:_Ff,ufll:;.rl-l—h,-]—l:.F'_,u]I:Ih-] _ P-L:I:II-I—h,-]—uI:Ih-]
h - R
: Ghi S
AP.-.-E I:I1,-3|=I:.F'_-.5—IIFI:I1,-:|
in CYT, FF).

We obtain for any w € CWH( 0, B

g i
—(Puir=F(—1
1': -'lu' -‘l:aIli
thus for w £ C'E"'Elifi, Ay
& Fu
&?[Eul —P‘,IISI? I (1.9)

This showrs that E is invariant under P, and Q.. Clearly .FL (as o spactral projector of A%
commubes with A’ and with multiplication by functicns of z;. Thus (L.7) fdlows from (4.9},
and this completes the proof of the Lamma.

ERemark 4.3 _
R(Q.) 15 closed for the fopelogy of uniform convergence on compact subsefs of [,
Indead if £, £ R{Q,) converges to f uniformly on compact subsets of !.:E, then for all x,, the
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function f,(r;,-) converges to fir,, ) uniformly on 2. Then it follows from Remarl 1.1
that (P fi(z,, ) =0, which means that f £ R{Q,).

Tz compute the index of L we now define two operabors £, Ly by restricting L to R(P,)

and F(Q,) respectively, and with domains:

D(Lyy=DILYNR(E), DLy =D(LiNAQ,.
It follows from (4.7) that their ranges are given by:

R(Ly)=RILINRF,), RL)=RLINRZI.).
This proves that if Condition 1 holds true, then the unbounded cperators

Ly, Lo C%0,RBP) —— %0, B¥)

are normally solwable. By using an elementary lemma on the index of a direct sum (see
Appendix 1) we obiain the following result:

Theorem 4.4

Assume the operafor L satisfies Condition I, and define the operators L1, [z as above. [f
these fwo operafors are Fredholm then L also 15, and

iirzr_"l:[.'l = z'rza'l:Ll'l + :'rza'l:[.: i,

4.2, Computation of ind(L1)

Defining a map m, by
(meudza, ) = m(ulz1,-)),
wa obtain (as we did with F,,3,) a bounded projector acting in C3(3, F#). Also, E is
invarant under m,, and on £, the opemtors L and 7, commute. We can now define an
unbounded cperator L* by restricting L to Rim, ), with domain D(L*) = EMR(7,). By the
same argument as above we have

ind(Ly) = E z'nr_"l:L"‘ I

kw1

If u £ R{m,) we have u(x,,-) € Rim ) for each x4, thus in view of (4.5} we cbtain:

w2y = Y plxa)ol (),

Jmm]

with p; £ C‘EEE,..'HF'I for each i. Then for a given f £ R(m,) writhen in the form

flz1,2") = 3 glzaier(z),

Jwm]
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the equation L*u = f may be rewritten as:
i

S (alziip: +b(z)p + (e(z) +walz)ip — gln)ielz ) =0.

Jwm]

Mulbiplving b E:-f‘I:I i and integrating cwer 0 we chtain the crdinary differential svstem:
ﬂF‘j.l.l + bp; "+ (e +weaip; =g

The index of this one-dimensional problem (which is given by the results in the previous
section ), which we dencte bor z'rza'i doas not depend on ¢, and we obtain:

Erzd[LJ"l = my,ind,.

4.3. Computation of ind(L.)

We now show that if s is sufficiently large, then md(L2) = 0. We note that for p large
encugh, the operator
L—p: CHO,E) — C 0, F)

with domain E has a bounded inverse defined on :nll-:nfl:."‘sl:.'-:!,ﬁ? | (see Appendix 2), thus has
indexc 0. Therefore it suffices to showr that for all 4 = 0 the operator

Lo— A R(Q,)— R(Q,)

is normally sclwmble and has finite a characteristic (for then we mm use again the same
methed |, with 4 =rp, = £ [0,1]). We first prove a preliminary: lemma:

Lemma 4.5
If 5 15 large enough, then for any A\ with Re(A) >0, anpyj s+ 1 and £ £ R:

deﬂ:—a*E: + e+ +-:='=qu — Mi#E0

Proof of Lemma 4.5
We use the fact that w; — —o0 a5 ;7 — o0, Consider an eigenwmlue A of the matrix

I:E: - L;-'j'll:—ﬂi + I:iEE:FEE +cEN.
— wj

IMoting that

IIf-‘*II
=5 —Ilbill +7—
2/ — uJ‘,
we obbain that any such A Izrec':n.]l a* is positive deﬁmten has negative real part, provided ;
i5 large encugh. This proaes the claim.

Therefores it only remains to prove the following tero propositions:
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Proposition 4.6
For all 7,€, A, define

.I';-_;kl:E, M= —atE iR 4 aimj — A

IfA 2 @ 15 such that
YEE R, jze4+1: det{EF(E,0) #0, (4.20)
then the operafor
Lo— A RIQ, — RQ,)

has finife a chamaclerisfic

Proposition 4.7
Under the same assumpfion on A the operafor Lo — A 15 normally solvable
Before proving thess results we showr:

Lemma 4.8
L'nder the same assumpfion on A, the problem

Su
athu + F— 4 = Au, upp=»0{ (411}
1

has ne nontrvial solution m R(Q.).

Proof of Lemma 4.8

Proceeding by contradiction, let us assume that (1.10) helds true, and let w £ R(Q,) be
a nontrivial solubion to (£.11).

For iwed &k > s and 1 = ¢ £ my, we multiply (1.11) by f.'&-i‘l:..":" i and integrate cwear 0.
Defining pf by

pﬂ‘l::..rl'l = jllﬁ- Lil:Il,I'I'IE'J'!‘l:I'I'IdI'I c ¥
we obtain after fro integration by parts:
-2=':‘r.:'i""I +E='=':p5"'l + (aFwy, +F = A 'I;;é‘ =1.

Here the prime denctes derivation with respect to ;. Since pj‘ 15 bounded we mo view it o
a tempered distribution, thus we may apply the Founer transform with respect to ;. Since
EE(g, 1) is invertible we cbtain that p¥ is identically zerc, thus by the inversion thecrem p
also is, a conbradiction.

Proof of Proposition 4.6

We prove that oL, — A) is finite by showing that the unit ball in the null space V(L — A)
is compact in E, Consider a saquence w, < N{Lz — A), with |uk|2452 = 1. Then we can
find a subsequence (still dencted by w,) which converges to some funchion w; in the space
C?{ AW for any compact subset 4 of (2 MNote that ue € (3, [FF). We are going to show
that the convergence is uniform an 0. If this were not the case, we would hove (again for
some subsequence)

|E_|‘|:I'L I — u.;.I:J:J‘ | =8 =4
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for some ¢ £ 2. Because of the uniform convergence on compact sets we hawe
|=*| — eo.
Consider nowr the follewing shifted funchions:
wlx) = wlxy + 25, ) — walzy + 2%, 20
Meote that the sequence wy, is bounded in l:.":’|"5|:.'-=3:l H¥), and that:
|0, 23, -, )| 2 6.

Thus we can find a subsequence which converges to some wy € C3H(0 H ), in C7(4)# for
any compact subset 4 of 0. Passing tothe limit & — oo in the relaticns:

S
Sr-r-k (V4 clry + ¥ hoy(z) = dwy(x) 0
I1

alzy + ) Ay (2) + B(xy + 25)

"t

wlz) =0 £ 30,

we cbtain that we is a nontrivial sclution to the problem (1.11). We now show that
wy £ R(Q,). Applving Remark L3 to uy, we see that w,, and therefore uy, — uy, belong
to R(Q.). Clearly any shift of an element of R{Q,) remains in R(Q,), thus w,,wy £ B Q,).
This contradicts the conclusion of Lemma 4.8, thus we hove shown that w, conwerges to wg
unifermly on 2. It then follews from Schauder’s estimates that the convergence also heolds
in L"E""EI:!:!, {A*), and this completes the proof of Proposition 4.6.

Proof of Proposition 4.7

Pid: a sequence f, = (Ly — Au, in R(Ly — A) = R(LYMR(Q,), converging to f in
%02, R?). Because (, is a bounded operator we have f < R(Q,). From Proposition 46 it
follows that V(Lo — A} has a direct camplement 117 in R{Q.), thus we mm write

Un = Un + U, & Nils —A)w, £

If w, is bounded in L":"'EI:!:!, H# ), then asin the previcus proof we can obbain a subsequence
(still dencted w,) which converges to some wy £ E in CF(4, [R®) for any compact subset
A of 3 Thus f, = (Lo — Aw, converges to (Lo — Awg, and f € R(Ly — A). ¥ w, is nck
bounded in L":""EI:!:E, A", then let us set:

i = fn

Wen =7, [n

|EI'1.|:+5.5.: ’ - | LI.""|.|Z-|-5,'.": .

As above we extract a subsequence of w, converging in C? on compact sets to some wy S 717,
Then (L= — A, = fn converges o 0, thus (L — A hwo =0, a contradiction. This completes
the proof of the Proposition.

Thus we hare proved the following theorem:

]
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Theorem 4.9
Consider the operafor

L. C%0,F) — N0, F), D(L)={ucC™ 0 F): uys =0}

definad by

Lu =alz)hu+ Zb‘,-l:::]% +cf T e

=1 J

A ssume that for any j = I we have bi(x)— 0 asx1 — +00, and assume Conddion 1. Define
the coeffictents aixy), blxy), and Z(xy) by ({.2) ({.8). and let w, denofe the eigenvalues of
the Laplace operafor n the seciron of the cwinder. wrth the boundary conddion uw = 0 on
ar.

Then the operafor L 15 Fredholm if and only if the operaiors
Lk ¥R, ) — C%( R, )
definad by o .
v =alze +b(zw + (&lx) + alxiwee

are Fredholm for all k. This occurs if and only if for any mmfeger k and all £ £ IH. the
matrices

ELlf) = —a*F 4658 +c* 4 atw,
are mmverfihle. In this case only findely many of fthe indrices z'rid'I:LJ‘fl are different from zemo

and .
ind(L) =% my, ind(L"),
Joml

where my, 15 the mulirplicEy of the egenvalue wy,.

5. Appendix

1: A lemma on the index of a direct sum
Let X be a Banach space. and L : X — X an unbounded normally solvable operafor with
domam D(L) = E. Let P,Q be two bounded projeciors acing in X, with P +Q = [.
A ssume that for any z € E:

FPrc £, and LFPr=FLzx
Define twe (unbounded) operators Ly, Ly by fakmg restrictions of L.

L, R(P)— R(F), L;:RQ)— RQ),
D(Ly=R(P)NE, D(L:)=R{QINE.
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Then L, and Lo are normally solvable. and:

ind( L) =ind(Ly ) +ind(La).

2: Invertibility of the operator L — u
Let the operator L be given by (1.1). We show that for real, pesitive, and sufficiently large
i, the opemtor L — g 15 Fredholm, and the dimension of its kernel and the codimension of
its image equal —ero.

The Fradholm property of the operator L — p follows from Theorem 2.1 and from the
remark afber the thecrem. Ifs index is zero because there exists a homeotopy of this cperator
to the operator A — pin the class of Fredholm operators [13].

It remains to show that the problem

Lu —pu =10, ulan=0

has no nentrivial solution. To this end we intreduce a positive function ¢(x,) such that
&l 11) =exp( —c|z1|) for some positive o and for |71 = 1. We multiply the last equation by
ga~?, talke the inner product with «, and inkegrate cver 0. After some standard computations
we cbtain:

Mo
d = '}_'j —dh + —|r.'.:-| + M- r::-||"-._n |"d=x +J|I |r.'.:- | + —EE:- phey ot |ul?dx. (5.1}

Jum]

Here we used the fact that the matrix a—?! is posibive definite:
(@™ (zhu,u) = kyfu,u), T €0, uc AP,
and inequalities of the tvpe

Sﬂj 1

Ol < S0 52 + ool
1

The constants M, and M, are positive and independent of w(z) and ¢(x,), ¢ = 0 can be
talken arbitrary. For € sufficiently small and g sufficiently large, (5.1) can hold only foru = 0.
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