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The work is devoted to numerical simulations of the interaction of heat explosion with natural
convection. The model consists of the heat equation with a nonlinear source term describing heat
production due to an exothermic chemical reaction coupled with the Navier—Stokes equations under
the Boussinesq approximation. We show how complex regimes appear through successive
bifurcations leading from a stable stationary temperature distribution without convection to a
stationary symmetric convective solution, stationary asymmetric convection, periodic in time
oscillations, and finally aperiodic oscillations. A simplified model problem is suggested. It describes
the main features of solutions of the complete problem2@4 American Institute of Physics.
[DOI: 10.1063/1.1695211

Natural convection can change critical conditions of heat
explosion and can also lead to complex oscillations and
oscillating heat explosion. We observe two routes to com-
plex oscillations. One of them is due to a sequence of
period-doubling bifurcations and Sharkovskii sequences.
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with the boundary conditiod= 0 for the dimensionless tem-
perature at the boundary of the domain. This model was

Different oscillating regimes can coexist for the same val-
ues of parameters, in particular, chaotic and periodic os-
cillations. Another type of aperiodic solutions is related to
quasiperiodic oscillations where several vortices oscillate
with different frequencies without their synchronization.
In this case, solutions are not structurally stable and can
essentially change under a small change of parameters.
We have developed a simplified model problem. This is a
system of ordinary differential equations for an average
temperature and stream function. The model problem
shows the main features of the complete problem: simple
and oscillating heat explosion, simple and complex oscil-
lations. An important property of the model problem is
the presence of homoclinic orbits and bifurcation of peri-
odic solutions from them. Structurally unstable oscilla-
tions are observed for it also.

|. FORMULATION OF THE PROBLEM

The modern theory of heat explosion begins with the

works due to Semendv? who introduced the simplest model
de
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at e’'—ab,

based on the assumption that the temperatuie every-

D

studied in a number of physical and mathematical wdésks
Refs. 4—6. One of the limitations of the model is that it
neglects reactant depletion. This approximation is justified if
the characteristic time of reactant depletion is much longer
than the characteristic time to reach steady state. It is appli-
cable if (Ty,—Tg)/To>RTo/E, whereTy is the initial tem-
perature, T, the adiabatic temperaturg, the activation en-
ergy, andR, the universal gas constafsgee, e.g., Ref.)6

One of the later developments of the theory was related
to the influence of natural convection on heat explosion.
Merzhanov and Stesgalere first to study the model
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where the reaction-diffusion equation was coupled with the
Navier—Stokes equations in the Boussinesq approximation

where the same inside the reactor, and that the consumpti@pplicable if the density dependence on temperature and
of the reactants can be neglected. The first term in the righteressure is sufficiently weak. They showed that the critical
hand side of Eq(1) represents heat production by an exo-condition of heat explosion could be changed by convection.
thermal chemical reaction, and the second term heat losBhe same model was studied in Refs. 8—11, where it was
through the reactor walls. The next stage in the developmerghown that the interaction of heat explosion and convection
of the theory of heat explosion is related to the works bycould lead to stable or unstable periodic oscillations and to
Frank-Kamenetskii. He removed the assumption that the oscillating heat explosion. It is characterized by oscillations
temperature was homogeneous in space and studied tldth growing amplitude at the first stage of the development
equation of the process, and by monotonically growing temperature
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Ly 6=0 x=0Ly: 6=0u=0p=0; y=0L,: #=0p=0u=0.
()

do de The boundary condition for the temperature means that the
dT_O H§‘0 lateral walls of the reactor are adiabatic (i) and with a

-1 oo constant temperature {8), the lower and the upper walls are

kept at a constant temperature. The boundary condifipn

provides the existence of a one-dimensional stationary solu-

tion 4(y) if the parametek is less than a critical value, . If

6=0 Lx u=v=0, the system corresponds to H@). ForL,=2, k.
~0.88 (see Ref. B In the case of boundary conditiof),

FIG. 1. Schematic representation of the stationary solufigand a con-  Stationary solutions without convection do not exist. The

0

vective vortex. boundary condition for the velocity is the so-called free-
surface boundary condition iY) and no-slip boundary con-
during the explosion itself where the temperature becomeg,Itlons in(8).

unbounded. Influence of natural convection on reaction
fronts in a chemical reactor is studied in Ref. 12 with reac-
tant depletion taken into account, and a variety of spatioteml/: COMPLEX DYNAMICS
poral structures is described. A. Boundary conditions  (7)
In this work we continue to study heat explosion with N .
convection. We will describe complex dynamics of solutions, We begm with boyndary condition), where there ex-
including chaotic oscillations and chaotic heat explosion. Wé_StS a statlonar_y solutiodi(y) that dep_ends only on the ver-
specify thatu in Egs.(3)(6) is the horizontal component of tical space varlable_. For small Rf’;\ylelgh _numbers_ it is stable,
the velocity,s the vertical componen® is the Prandtl num- and _for Iarg_e Rayleigh numbers it _Ioses its sta_blllty and con-
ber, andR is the Rayleigh number. This system of equationsvem!ve regimes appear. The stat|_0 nary sol_utlon qnd a con-
is considered in the rectangular domairs®<L,,0<y vective vortex are shown schematically in Fig. 1. Linear sta-

<L, with the boundary conditions b_|||ty a_naIyS|s of the stationary sol_utlon a_nd numer!cal
simulations of problemg3)—(7) are carried out in Ref. 10 in
the case of a square domain. The stability analysis is done for

x=0,L,: j—z =0u= O,Z—l:( =0; a simplified problem where the exponential8) is replaced
by a linear function. This approximation is justified and gives
au the onset of convection close to that observed numerically if
y=0Ly: GZO’UZO'W:O' (7)  the maximal temperature for the stationary solution is not
very close to the critical temperatufe~ 1.2 where the ex-
or plosion occurs.

Amplitude of || qax
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k

FIG. 2. (Color) Bifurcation diagram folR=1000 andL,=8.
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When an eigenvalue of the linearized problem crossess the bifurcation parameter. Stationary solutions are shown
the origin, a branch of convective solutions bifurcates fromwith a unique point denoting the maximum of the stream
the stationary nonconvective solution. Two branches of confunction. Periodic in time solutions are shown with two
vective solutions can intersect, resulting in stability exchanggoints on the same vertical line, representing the amplitude
and secondary bifurcations. of oscillations of the maximum of the stream function.

We present here the results of numerical simulations in  For k sufficiently small, the one-dimensional stationary
the case of the rectangular domain where the behavior alegime without convection is stable. A convective solution
solutions is essentially different compared with the squardifurcates forkk=~0.4. It has four vortices and it is symmetric
domain and where complex oscillations can be observedwith respect to the central line of the domain. The secondary
Figure 2 represents the bifurcation diagramlfge 8 with k bifurcation occurs fokk=0.51, where an asymmetric four-

FIG. 4. (Color) Streamlines and isotherms for the case=8, R=1000, andk=0.54: Periodic solution(a), (b), (c) correspond to moments of time shown
by the same letters in Fig(A).
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vortex stationary convective regime appears. The corresmall amplitude and it is close to the asymmetric stationary
sponding temperature and stream function distributions aréour-vortex regime. This situation allows us to assume that it
shown in Fig. 2. is a supercritical Hopf bifurcation. The maximum of the
Further increase df leads to appearance of periodic in stream function for this solution is shown in FigA3. This
time solutions. The first one is observed kor 0.53. It has a  curve is periodic, with two peaks in each period. In fact, the

FIG. 6. (Color) Streamlines and isotherms for the case=8, R=1000, and=0.56: Periodic solutiona), (b), (c), (d) correspond to moments of time shown
by the same letters in Fig(K).
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maximum of the stream function is not reached all the time  Periodic in time solutions are observed also for greater
at the same vortex. It changes its place periodically from one&alues ofk, though the structure of oscillations is different.
of the central vortices to another one. If we measure th&he solution fork=0.54 is shown in Fig. 4. The number of
maximum of the stream function only at the left central vor-vortices changes here from three to four. The maximum of
tex, we would have a periodic sinus-like curve, the samehe stream function is a sinus-like curieee Fig. BA)] with
with the right central vortex. In Fig.(3) these two curves the period about 16.7. The spectral analysis gives the main
are superposed and the maximum of them is taken. frequency about 0.06, which corresponds approximately to
Figure 3B) represents the solution on the plane “meanthe period indicated aboJeee Fig. 5C)].
value of the stream function—mean value of the tempera- It is interesting to note that the form of the solution on
ture.” We will call it the (W—#6) plane. The solution is repre- the (W-#6) plane differs from that in the previous case. Now,
sented by a simple elliptic curve. it is a curve symmetric with respect to zero of the stream
Figure 3C) shows the Fourier modes of the function in function. This means that on the first and second half-periods
Fig. 3(A). The main two frequencies, 0.05 and 0.095, correthe solution is exactly the same except for the sign of the
spond to oscillations of both central vortices. The interactiorstream function.
of the vortices produces all frequencies with a multiple of  Further increase df leads once again to another type of

0.005. periodic oscillation. A specific example is shown in Fig. 6 for
[A] [B]
T T T 6 T T T
55 |
. s 2 1 FIG. 8. Evolution in time of| W] .
_; ; for R=1000, k=0.7, andL,=9.4.
= = a5} 1 (A) 0<t<300; (B) 200<t<270.
4 L
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k=0.56. Once again, three to four vortices are observed duconvection. Complex dynamics of oscillating solutions ap-
ing the period. The curve on th&@—6) plane is symmetric pears to be also quite different. For fixed space dimensions
[see Fig. 1B)]. andR we varyk. We observe several different branches of
The Fourier modes of the functioh ., fill the real axis  solutions(Fig. 13). For each of them the specific behavior is
in a rather dense wdee Fig. 7C)]. It allows us to propose characterized by transition from simple oscillations to chaos,
a possible scenario of transition to this branch of solutions: ithen back to periodic regimes, and then again to chaos.
can be a secondary Hopf bifurcation, where a second pair of We recall briefly that such sequences of biburcations,
complex conjugate eigenvalues passes the imaginary axisometimes called Sharkovskii sequences, were discovered in
The frequencies of the corresponding eigenfunctions are in 8964 and are well studied for mappings.. ;= F(x,) (see,
rational relation with the frequencies corresponding to thes.g., Ref. 14 The sequence of period-doubling bifurcations
first pair of eigenvalues because the resulting regime is stills followed by chaotic oscillations. Beyond the first chaos,
periodic. However, they should be close to each other. Thenthere are sequences of periodic oscillations with periods
the nonlinear interaction of these oscillations will produce all---7.2" 5.2" 3.2". .. alternating with chaotic oscillations.
other frequencies shown in Fig(Q). The sequence of bifurcations is ended by oscillations with
Other interesting regimes appears for larger values operiods 7,5,3. Oscillations with a period different frofi 2
L. Figure 8 shows an example of modulated oscillations folindicate the presence of chaos.
Ly=9.4. Then, more complex oscillatiofith chaotic win- Similar sequences of bifurcations are observed for other
dows, Fig. 9 are observed fot,=9.5. Figure 10 shows the problems where the order of bifurcations is not necessarily
stream function and the temperature for several consecutivhe samesee Ref. 15 Sequences of period-doubling bifur-
moments of time. The number and the structure of vorticegations are found numerically in problems of flame
change here aperiodically. Finally, new periodic in time re-propagatior®’
gimes appears fdr,= 9.6 (with an unusual phase space tra- In our case, first two branches of solutions begin with
jectory, Fig. 1} and L,=9.7 (Fig. 12. The continuation period-doubling bifurcationgFigs. 14a)-14(c)] and end
method, where we gradually changed the length and movedith period three oscillation§Figs. 14e)—14(f)] in agree-
along the branches of solutions, did not allow us to determent with Sharkovskii sequences. We have also observed
mine the character of the transition between these regimesperiod six oscillations on the first branch. Next, two branches
neither supercritical nor subcritical bifurcations were foundend with chaotic oscillation$Fig. 15. Period five and ten
(see the discussion in Sec.)lV oscillations are found on the fourth branch. On the last
branch simple periodic oscillations are directly followed by
chaotic oscillations, and then by transition from chaotic os-
The principal difference of this case with respect to thecillations to heat explosiofFig. 16). In some cases the be-
previous one is that there are no stationary solutions withoubavior of solutions is extremely sensitive to parameters. So,

B. Boundary conditions  (8)
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FIG. 10. (Color) Streamlines and isotherms for the cdse-9.5, R=1000, anck=0.7.

oscillations with other periods may also exist but are notan average stream functigh then a= a(#). We will con-
found. sider for simplicity a linear dependence( )= aq+ Kk,
We note finally that different branches can coexist forwhere ag andk are positive constants. On the other hand,
the same value ok. In particular, chaotic oscillations and numerical simulations of problei3)—(6) with the boundary
periodic oscillations can be observed for the same values afondition (8) show that the intensity of convection is well

parameters. approximated as a linear function of an average temperature.
Thus, the evolution ofy can be described by the equation

I1l. MODEL PROBLEM dy

A. System of two equations dt 20— by ©

In this section we show how Semenov’s model of heatWe obtain a closed systefi), (9) with respect to the vari-
explosion can be adapted to the case with convection. In thigbles(6,+). Models of this type were first studied in Ref. 10,
case the coefficient of heat loasshould be proportional to where instead of9) an equation for a supercritical bifurca-
the intensity of convection. If we measure this intensity bytion describing the appearance of convection in proki@m

[A] [B]
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(7) was considered. For problert8)—(6), (8) convection the complete problem. The system of two equations cannot
does not appear as a result of a bifurcation. It exists for altlescribe oscillations more complex than the periodic ones.
temperature distributions being proportional to the averagélowever, the presence of a homoclinic solution suggests
temperature. that, for a more complete model, complex oscillations can
This model shows three basic regimes observed for thalso be observed.
complete model: stable stationary solutions, oscillations, and  If numerical simulations of the complete system show
explosion. We discuss here the most interesting case whetbe presence of two vortices, then for each of them we can
system(1), (9) has two stationary points, denoted b (%) introduce the average temperature and stream function.
and (6%,4?), and explain briefly its qualitative behavior. Therefore, we will have a system of four equations with two
The point (62,4?) with larger values off and ¢ is a  subsystems of the same type as above. The coupling between
saddle, while another one can change its type depending dhem corresponds to heat exchange between the vortices or
the parameters. The key property of this model is that it canio momentum exchange due to viscosity
have a loop of separatrix of the saddle point. A small change

of the system leads generically to disappearance of the ho- "1 _ Lo, _ _

moclinic orbit and to a bifurcation of a limit cycle fromit. dr &~ o6 02), (19
The cycle is stable if expf)—a(y#)<b, and unstable if the

inequality is opposite. If the cycle is stable, the system ex- %:a 0,—b gy— oy (h1— ), (12)
hibits stable periodic oscillations. If it is unstable, the solu- dt v

tion either converges to the stable stationary poiit, §%)

(Fig. 17, orbit A or goes to infinity, which corresponds to ﬁze"Z—az( ) 03— 0 o 6~ 07), (12)
heat explosior(Fig. 17, orbit B. dt

Further change of parameters can lead to the retraction dip
of the unstable limit cycle to the pointt,#*) and to its d_tzza 0,0 0o y(h— ), (13)

disappearance due to a subcritical Hopf bifurcation. In this

case, the point 4}, ') becomes an unstable focus. For anwhere

initial condition in a neighborhood of this point, the solution

shows oscillations with growing amplitude that, finally, re- ay(Pr)=agtKkihy, ax(hy)=apgtkap,.

It in explosi Fig. 1 . .
su explosion(see Fig. 18 In the case of symmetric vorticek; =k,. We should note

that their contribution to the heat loss is determined not only
by the average of the stream function but also by their size

Thus, the model problem allows us to explain the newand geometry. Therefore, if the vortices are different, we
phenomenon, oscillating heat explosion, observed also famay havek;#Kk,.

B. Coupled oscillators

Branches of
solutions c, 3

FIG. 13. Schematic representation of
branches of solutions; S—stationary
oscillations; C—chaotic oscillations;
1—simple  periodic  oscillations;
2—period-two  oscillations; m—
periodm oscillations; the dashed lines
show transitions between the branches
and the arrow shows the transition to
explosion.
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In the casek; =k, and if the initial conditions are such the systent® However, ifk; #k,, then it may be not a limit
that 69= 63, ¥3=49, then the behavior of the solution is cycle but a more complex structure that bifurcates from it.
exactly the same as for the system of two equations. A§igure 19 shows an example of such trajectory in the case
above, there exists a homoclinic orbit and periodic solutionswhere o,= 0. The behavior is qualitatively the samed,

The homoclinic orbit persists under a small perturbation of# 0.
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0.84
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o 08 i FIG. 15. Chaotic oscillations(A) k
0.8%2 | =4.364; (B) k=4.38.
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FIG. 16. Chaotic heat explosion: evolution of the average temperature in
time (k=4.475).

FIG. 18. (Color online Oscillating heat explosion.

IV. CONCLUSIONS . .
versa. We were interested in how to construct the branches of

Natural convection can have an essential influence osolutions and determine the types of bifurcations underlying
heat explosion including the critical conditions of the explo-these transitions. However, these transitions do not seem to
sion, the routes to it, and the structure of the regimes in theccur through bifurcations, and these are not continuous
case where the explosion does not occur, that is, the temperranches of solutions. This is probably a single but discon-
ture remains bounded. In this work, we study complex nontinuous (!) branch of solutions: quasiperiodic oscillations
linear dynamics in the problem of heat explosion with con-may not be structurally stable and can essentially change
vection. We show how successive bifurcations can lead tander a small perturbation of the problem.
complex oscillations, either through a sequence of period- A simplified model problem based on the Semenov’s
doubling bifurcations and Sharkovskii sequences, or througimodel of heat explosion with an additional equation for the
quasiperiodic oscillations. We have found a chaotic heat exaveraged stream function gives a good description of the
plosion where the temperature oscillates aperiodically beforenain features of the problem: existence or nonexistence of
exploding. stationary solutions, simple or oscillating heat explosion, pe-

Different solutions can coexist for the same values ofriodic oscillations.
parameters. For example, there can be chaotic and periodic An important property of the model system, that ex-
oscillations. plains some aspects of heat explosion with convection, is the

In the case where the length of the rectangle is considpresence of homoclinic orbits with stable or unstable peri-
ered as a bifurcation parametésec. 11 A, we observe a odic solutions bifurcating from them. Oscillating heat explo-
transition from periodic to aperiodic oscillations, and vice sion can be observed when the limit cycle is unstable.
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FIG. 17. Trajectories of systerl), (9): unstable limit cycle, trajectory FIG. 19. (Color online Complex oscillations for the model syste(h0)—
converging to the stable focu#), trajectory going to infinity(B). (13).

Downloaded 24 Jul 2004 to 134.214.101.113. Redistribution subject to AIP license or copyright, see http:/chaos.aip.org/chaos/copyright.jsp



Chaos, Vol. 14, No. 2, 2004 Heat explosion with convection 273

If we take into account a possible existence of several®vya.B. Zeldovich, G.I. Barenblatt, V.B. Librovich, and G.M. Makhviladze,
vortices, and consider an average temperature and streanihe Mathematical Theory of Combustion and Explosi@isnum, New
function for each of them, then the model problem consists, York: 1989.

t of tw ti but. in th ft ti ff "A.S. Merzhanov and E.A. Shtessel, “Free convection and thermal explo-
noto . 0 equa. Ions but, In the case o WO_V_or ICeS, ot Tour gion in reactive systems,” Astronautica Act8 191-199(1973.
equations. In this case, the system can exhibit more compleXc. Barillon, “Degre topologique et modisation de problmes

dynamics. d’explosion thermique,” Thesis Universite Lyon(1999.
We have studied structural stability of solutions for the °V. Volpert, C. Barillon, T. Dumont, S. Genieys, and M. Massot, “Influence

model systen(lO) (13). If k,=k,, we observe simple peri of natural convection on heat explosion,” in Proceeding of the Third
- . 1=k, -

. : . . Seminar on Fire and Explosion Hazards, edited by P. D. Bredley, D. Drys-
odic orbits. Ifk; #k,, and the difference of the two valuesis 45 and . MakhvildaseQOOO pp. 507-518. Y Y Y

very small, the trajectory behaves as shown in Fig. 19. It°T. pumont, S. Geieys, M. Massot, and V. Volpert, “Interaction of thermal
does not converge to the simple periodic orbitlasap- explosion and natural convection: Critical conditions and new oscillating
proaches,. regimes,” SIAM (Soc. Ind. Appl. Math. J. Appl. Math. 63, 351-372

. . . . (2002.
. This can be ex.plalned. with the fOHOWIng example. Con- M. Belk and V. Volpert, “Complex dynamics in a problem of heat explo-
sider the parametrically given curve sion with convection,” inPatterns and Wavedited by A. Abramian, S.
1 I . Vakulenko, and V. VolpertAkademPrint, St. Petersburg, 2008p. 263—
x= z(cost+cog1l+e)t), y= s(sint+sin(1+e)t). 279.
i . N . . 12A. Bayliss, J.-K. Ma, B.J. Matkowsky, and C.W. Wahle, “The reactive
If €=0, it IS. a C.Irde' For a_'ny irrationak this Cur\{e fills Rayleigh—Beard problem with throughflow,” SIAM(Soc. Ind. Appl.
densely the interior of the circle. Therefore, there is no con- math) J. Appl. Math.61, 1103—11422000.
tinuous dependence of the curve on the parameter. BA.N. Sharkovskii, “Existence of cycles of continuous transformation of
Numerical simulations of both the complete and the sim-  the real line in itself,” Ukr. Mat. Zh26, 61-71(1964 (Russian.

plified problem allow us to conclude that vortices can oscil- Srt.ssB?\lk:vrv 32?k3'1%9g°|'“bcha°t'° Dynamics(Cambridge University
late without synchronization of their frequencies, and the sossyy, | Neimark and P.S. LandaStochastic and Chaotic Oscillations

lutions may not be structurally stable. (Nauka, Moscow, 1987(Russiai.
6. Bayliss and B.J. Matkowsky, “Two routes to chao in condensed phase
IN.N. Semenov, “To the theory of combustion processes,” Zh. Fiz. Khim. combustion,” SIAM (Soc. Ind. Appl. Math. J. Appl. Math.50, 437-459

4,4-17(1933. L2990 | . .

2N.N. Semenov, “Thermal theory of combustion and explosions,” Usp. K.G. Shkadinskii, B.l. Khaikin, and A.G. Merzhanov, “Propagation of a
Fiz. Nauk23, 4-17(1940. pulsating exothermic exothermic reaction front in the condensed phase,”
3D.A. Frank-KamenetskiiDiffusion and Heat Transfer in Chemical Kinet- _Combust., Explos. Shock Wavé&s 15-22(1971.

ics (Plenum, New York, 1960 18A.A. Andronov, E.A. Leontovich, I.I. Gordon, and A.G. Maydheory of
4J. Bebernes and D. Eberljflathematical Problems from Combustion  Bifurcations of Dynamical Systems on the Pldhauka, Moscow, 1967
Theory Applied Mathematical Sciences Vol. 8%pringer, New York, (Russiai.

1989. 19M. Belk, “Stabilité structurelle de solutions invariantes par translation.
5A.G. Merzhanov, V.V. Barzykin, and V.G. Abramov, “The theory of heat  Application ades problenes de raction-diffusion avec convection,” The-
explosion: From N.N. Semenov to our days,” Khim. Fl&, 3—44(1996. sis Universite Lyon 1(2003.

Downloaded 24 Jul 2004 to 134.214.101.113. Redistribution subject to AIP license or copyright, see http:/chaos.aip.org/chaos/copyright.jsp



